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1. Introduction
Let L be a linear class of real-valued functions g : E → R having the
properties
(L1) f, g ∈ L imply (αf + βg) ∈ L for all α, β ∈ R;
(L2) 1 ∈ L, i.e., if f0 (t) = 1, t ∈ E then f0 ∈ L.
An isotonic linear functional A : L→ R is a functional satisfying
(A1) A (αf + βg) = αA (f) + βA (g) for all f, g ∈ L and α, β ∈ R.
(A2) If f ∈ L and f ≥ 0, then A (f) ≥ 0.
The mapping A is said to be normalised if
(A3) A (1) = 1.
Isotonic, that is, order-preserving, linear functionals are natural objects in
analysis which enjoy a number of convenient properties. Thus, they provide,
for example, Jessen’s inequality, which is a functional form of Jensen’s in-
equality (see [2], [15] and [16]). For other inequalities for isotonic functionals
see [1], [4]-[14] and [17]-[20].
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where µ is a positive measure on E in the first case and E is a subset of the
natural numbers N, in the second (pk ≥ 0, k ∈ E).
As is known to all, the famous Young inequality for scalars says that if
a, b > 0 and ν ∈ [0, 1], then
(1) a1−νbν ≤ (1− ν) a+ νb
with equality if and only if a = b. The inequality (1) is also called ν-weighted
arithmetic-geometric mean inequality.
Kittaneh and Manasrah [12], [13] provided a refinement and a reverse for






)2 ≤ (1− ν) a+ νb− a1−νbν ≤ R(√a−√b)2
where a, b > 0, ν ∈ [0, 1], r = min {1− ν, ν} and R = max {1− ν, ν}. The
case ν = 12 reduces (2) to an identity and is of no interest.
We observe that, if a, b ∈ [m,M ] ⊂ (0,∞), then
∣∣∣√a−√b∣∣∣ ≤ √M −√m
and by (2) we obtain the following reverse of Young inequality





We can give a simple direct proof for (2) as follows.
Recall the following result obtained by Dragomir in 2006 [8] that provides








































where Φ : C → R is a convex function defined on convex subset C of
the linear space X, {xj}j∈{1,2,...,n} are vectors in C and {pj}j∈{1,2,...,n} are
nonnegative numbers with Pn =
∑n
j=1 pj > 0.
For n = 2, we deduce from (4) that










≤ νΦ (x) + (1− ν) Φ (y)− Φ [νx+ (1− ν) y]
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for any x, y ∈ R and ν ∈ [0, 1].
If we take Φ (x) = exp (x), then we get from (5)
2 min {ν, 1− ν}
[








≤ ν exp(x) + (1− ν) exp(y)− exp [νx+ (1− ν) y]
≤ 2 max {ν, 1− ν}
[







for any x, y ∈ R and ν ∈ [0, 1]. Further, denote exp(x) = a, exp(y) = b with
a, b > 0, then from (6) we obtain the inequality (2).
In this paper we obtain some inequalities for isotonic functionals via the
reverse and refinement of Young’s inequality (2). Applications for integrals
and n-tuples of real numbers are also provided.
2. On Callebaut’s inequality
The functional version of Callebaut inequality states that
(7) A2 (fg) ≤ A (f2−νgν)A (fνg2−ν) ≤ A (f2)A (g2)
provided that f2, g2, f2−νgν , fνg2−ν , fg ∈ L for some ν ∈ [0, 2]. For the
discrete and integral of one real variable versions see [3].
We have the following result that provides a refinement and reverse of
Callebaut’s inequality:
Theorem 1. Let A,B : L → R be two normalised isotonic functionals.
If f, g : E → R are such that, f2, g2, fg, f2(1−ν)g2ν , f2νg2(1−ν) ∈ L for










)− 2A (fg)B (fg) +A (g2)B (f2))(8)









≤ R (A (f2)B (g2)− 2A (fg)B (fg) +A (g2)B (f2)) ,
where r = min {1− ν, ν} and R = max {1− ν, ν}.



















































































If we multiply (10) by g2 (x) g2 (y), then we get
r
(
f2 (x) g2 (y)− 2f (x) g (x) f (y) g (y) + f2 (y) g2 (x))(11)
≤ (1− ν) f2 (x) g2 (y) + νg2 (x) f2 (y)
− f2(1−ν) (x) g2ν (x) f2ν (y) g2(1−ν) (y)
≤ R (f2 (x) g2 (y)− 2f (x) g (x) f (y) g (y) + f2 (y) g2 (x)) ,
which holds for any x, y ∈ E.
Fix y ∈ E. Then by (11) we have in the order of L that
r
(
g2 (y) f2 − 2f (y) g (y) fg + f2 (y) g2)(12)
≤ (1− ν) g2 (y) f2 + νf2 (y) g2 − f2ν (y) g2(1−ν) (y) f2(1−ν)g2ν
≤ R (g2 (y) f2 − 2f (y) g (y) fg + f2 (y) g2) .






)− 2f (y) g (y)A (fg) + f2 (y)A (g2))
≤ (1− ν) g2 (y)A (f2)+ νf2 (y)A (g2)




≤ R (g2 (y)A (f2)− 2f (y) g (y)A (fg) + f2 (y)A (g2)) ,
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for any y ∈ E.







g2 − 2A (fg) fg +A (g2) f2)
≤ (1− ν)A (f2) g2 + νA (g2) f2 −A(f2(1−ν)g2ν) f2νg2(1−ν)
≤ Rr (A (f2) g2 − 2A (fg) fg +A (g2) f2) ,
and by taking the functional B we deduce the desired result (8). 
Corollary 1. Let A : L→ R be two normalised isotonic functionals. If
f, g : E → R are such that f2, g2, fg, f2(1−ν)g2ν , f2νg2(1−ν) ∈ L for some











≤ A (f2)A (g2)−A(f2(1−ν)g2ν)A(f2νg2(1−ν))
≤ 2R (A (f2)A (g2)−A2 (fg)) .
The following result also holds:
Theorem 2. Let A,B : L → R be two normalised isotonic functionals.
If f, g : E → R are such that f ≥ 0, g > 0, f2, g2, f2(1−ν)g2ν , f2νg2(1−ν) ∈ L
for some ν ∈ [0, 1] and
(14) 0 < m ≤ f
g
≤M <∞
for some constants m, M , then









≤ R (M −m)2A (g2)B (g2) .









≤ R (M −m)2A2 (g2) .
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≤ R (M −m)2
for any x, y ∈ E.
Now, if we multiply (17) by g2 (x) g2 (y) > 0 then we get
(1− ν) f2 (x) g2 (y) + νg2 (x) f2 (y)(18)
− f2(1−ν) (x) g2ν (x) f2ν (y) g2(1−ν) (y)
≤ R (M −m)2 g2 (x) g2 (y)
for any x, y ∈ E.
Fix y ∈ E. Then by (18) we have in the order of L that
(1− ν) g2 (y) f2 + νf2 (y) g2 − f2ν (y) g2(1−ν) (y) f2(1−ν)g2ν(19)
≤ R (M −m)2 g2 (y) g2.
If we take the functional A in (19), then we get
(1− ν) g2 (y)A (f2)+ νf2 (y)A (g2)(20)




≤ R (M −m)2 g2 (y)A (g2) ,
for any y ∈ E.
This inequality can be written in the order of L as
(1− ν)A (f2) g2 + νA (g2) f2 −A(f2(1−ν)g2ν) f2νg2(1−ν)(21)
≤ R (M −m)2A (g2) g2.
Now, if we take the functional B in (21), then we get the desired result
(15). 
Corollary 2. Let A,B : L→ R be two normalised isotonic functionals.
If f, g : E → R are such that f ≥ 0, g > 0, f2, g2, fg ∈ L and the condition






















(M −m)2A (g2)B (g2) .
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)−A2 (fg) ≤ 1
2
(M −m)2A2 (g2) .
3. On Ho¨lder’s inequality
We have:
Theorem 3. Let A : L → R be a normalised isotonic functional and
p, q > 1 with 1p +
1
q = 1. If f, g : E → R are such that f, g ≥ 0 and fg, fp,









































































where a, b ≥ 0.
If we choose in (25) a = f
p
A(fp) , b =
gq









































in the order of L..












 ≤ 1− A (fg)
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which is equivalent to the desired result (24). 
The following result also holds:
Theorem 4. Let A : L → R be a normalised isotonic functional and p,
q > 1 with 1p +
1
q = 1. If f, g : E → R are such that fg, fp, gq ∈ L and
(27) 0 < m1 ≤ f ≤M1 <∞, 0 < m2 ≤ g ≤M2 <∞,
for some constants m1,m2,M1 and M2, then





























× [A (fp)]1/p [A (gq)]1/q ,








Proof. Observe that, by (26) we have





















































and by (3) we have for ν = 1q , a =
fp
A(fp) , b =
gq
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Now, if we take the functional A in the inequality (29), then we get
1− A (fg)






























which is equivalent to the desired result (28). 
Corollary 3. Let A : L → R be a normalised isotonic functional. If f,
g : E → R are such that fg, f2, g2 ∈ L and (27) is satisfied, then




















× [A (f2)]1/2 [A (g2)]1/2 .
4. Applications for integrals
Let (Ω,A, µ) be a measurable space consisting of a set Ω, a σ -algebra A
of parts of Ω and a countably additive and positive measure µ on A with
values in R ∪ {∞}. For a µ-measurable function w : Ω→ R, with w (x) ≥ 0
for µ -a.e.(almost every) x ∈ Ω and p ≥ 1 consider the Lebesgue space
Lpw (Ω, µ) :=
{
f : Ω→ R, f is µ-measurable and∫
Ω
|f (x)|pw (x) dµ (x) <∞
}
.









Assume that f2, g2, f2(1−ν)g2ν , f2νg2(1−ν) ∈ Lw (Ω, µ) for some ν ∈ [0, 1],
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If f ≥ 0, g > 0, f2, g2, f2(1−ν)g2ν , f2νg2(1−ν) ∈ Lw (Ω, µ) for some ν ∈ [0, 1]
and
(32) 0 < m ≤ f
g
≤M <∞


















where R = max {1− ν, ν}.



























































































Let f , g be µ-measurable functions defined on Ω and
(35) 0 < m1 ≤ f ≤M1 <∞, 0 < m2 ≤ g ≤M2 <∞ a.e. on Ω
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5. Applications for real numbers
We consider the n-tuples of positive numbers a = (a1, ..., an), b = (b1, ..., bn)
and the probability distribution p = (p1, ..., pn), i.e. pi ≥ 0 for any i ∈
{1, ..., n} with ∑ni=1 pi = 1.



























































where ν ∈ [0, 1], r = min {1− ν, ν} and R = max {1− ν, ν}.
If there exists some constants m, M such that
0 < m ≤ ai
bi
≤M <∞ for any i ∈ {1, ..., n} ,


































where R = max {1− ν, ν}.
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If p, q > 1 with 1p +
1




















































































































If for the constants m1,m2,M1 and M2 we have
0 < m1 ≤ ai ≤M1 <∞, 0 < m2 ≤ bi ≤M2 <∞, for any i ∈ {1, ..., n}
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